Higher Derivatives
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Differentiate (2) n times by Leibnitz’s theorem,
[@+x)y™ +n @) y" + (n(n-1)/2) y? 1+ [xy™ +ny® ] -p*y® =0
(L +x) Y™+ @n+ 1) xy™ + (n*-p?) yP =0

Let P(n): j y—( 1)"nlcos (n +1)0sin™*@, Wwhere x=cot6.
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P(1) s true.
Assume P(k) istrue forsome keN. ie. y® =(-1)“klcos (k +1)8sin* "o ...(1)
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= (1) (k+1){cos (k +1)0cos8 +sin(k +1)0sin 0}sin**?
= (=1)*(k+1)cos (k +2)0sin*? 0
P(k+1) is true.
By the Principle of Mathematical Induction, P(n) istrue VneN.
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Differentiate (1) n times by Leibnitz’s theorem,
[@=X)y™ +n 29 y™ + (n(n-1)/2) (22y" 1= [xy™? +ny®]=0
(1- Xz) Ynez =X (2N+1) Va1 — n? Yn=0

y=0¢-1)" =  yi=n¢-1)"(@2x) =  (*-1)y;=2n(x*-1)"=2nxy



=Dy +@)y1=2mxy1+2ny = (-1 y+@9L-n)y1-2ny=0 ..(1)
Differentiate (1) n times by Leibnitz’s theorem,
[0 =1) Ynsz + N(2X) Ynea # 0N =1)/2 (2) Ya] + [2X (1 =N) Yres + N 2(1 =) Yo ] - 20y, = 0
(X% = 1)Yns2 + 2Xyns1 — N(N + 1)y, = 0. ...(2)
Now, for the given equation: (1-x%)y, +2xy; —n(n+ 1)y =0 ...(3)
Differentiate (3) n times by Leibnitz’s theorem,
[(L = X*)Yne2 + N(-2X) Ynss + NN =1)/2 (-2) ya] N (2) a1+ n(n + 1)y, = 0.
(1 =X)Yns2=2X (N + 1) Y1 = 0 ...(4)
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From (4), (1- x) (2“an) 2x(n+1)di(2“nlp):o
X

(1-x)P"=2x(n+1)P’= ....(5)
Hence P satisfies (5) andhence (4) and (3).
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(ii) Differentiate (1) w.rt. x ntimes by Leibnitz’s theorem,
[(1=%) Vs =1 (-2%) Y + (NN = 1)/2) (-2)Yn1]=[XYa +N(1) Y1 ]=0
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Differentiate (1) w.rt. x ntimes by Leibnitz’s theorem,
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Differentiate (1) w.rt. x ntimes by Leibnitz’s theorem, writing u= vl

{(x—a)(x— 0) 97U nax —a by du, N =D
dx? dx

(2)u} —(n —1){2x —-a- b):—)l:+ n(2)u}—2nu =0

2
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9. y?=sec2x = 2yj—y:2$e02xtan2x:2y2 tan 2x :j—y:ytanZX ...(1)
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(b) Differentiate (1) w.rt X, (x? - 4)2(dy)dy (j_ij(z)()=mz(2y)(j_ij

dx /J dx?
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Differentiate (1) w.rt. X ntimes by Leibnitz’s theorem,

[ (1 - Xz) Y2 =N (_ZX) Yner + ( n(n - 1)/2) (_2)yn ] - [X Yner + n(l) Yn1 ] + 4p2 Yn= 0
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Let P(n): (—]: - ! F(-x) , where F(X)=1+—+—+..+—.
dx" \ x X" il
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For P(1), —(;Xjﬁ“’xzex:( 1)XX (1--) (-1)* MF( x) - P(l)is true.

k X
Assume P(k) istrue forsome ke N, i.e. dd_k(eJ
XX

For P, O [ J (~1)*Kte *[Fk(;f)—k”a(—m LF - x)}
X X

dX k+1 Xk+2

:(_1)k+1(k+1 | ex |:Fk(_x)_ Fk'(—X)‘i‘Fk(_X) X:‘
x 2 k+1
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F) =1+ 342 4 4 X S F (%) = —Fy (%) = ' (<X) + F (=) = F (=X)
1 2 n!

Subst. (3) in (2), ddk” ( X] (—1)* (k +1)! kiz Fet(—X) . P(k+1) is also
X

k+1
X

By the Principle of Mathematical Induction, P(n) istrue VneN.

()

)

F(=x)=(- 1) —

true.

2n ix 'x
Replace x by ix and n by 2n inthe previous part, dd [ej (-1)" (2n)I — Fon(—X)
x?

(ix)

+4p°y—2p*=0....(2)

3)
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d” [ij:i(—l)” -(2n)! (cosx+isinx)(1—ilJr(iX)2 _m+(ix)2”j
X 2n+l :LI

dx?" (ix) 2! (2n)!
_ @ . oxEoxt Ly X _.i_x_ X o XM
= in+1( 1) (cosx+|smx){[1 o + 2 vt (1) (2n)!) {ﬂ 2 5 +(-1 2n_ 1)'}}
_ (@n)!

=== (=1)"(cosx +isinX){C,, (X) —iS,, , (x)}
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Compare imaginary part on both sides, result follows.

sin(mcos™ x)

1 1 -m m
T, (x)——cos(mcos‘lx):>T '(x) =——[-sin(mcos ™ x =
2" J\/1—x2 2" 1y1-x?

m .
V1I-X*T '(X) = Fsm(m cos™ x)

-m _ m’

_x? Al1-x?

T, (X)

N1-X°T, "(x)+\/_

1=x) Tw"(X) =X T'(x) + M’ Try(x) = 0
Let u=(*-1)" uw=m@%-1)""(2x) L (¢=1u=2mxu ...(1)
Differentiate (1) w.rt. x (m+1)-times by Leibnitz’s theorem,
< = U™ + (m+1)(2x) u™D + [(M+1)m/2] (2) u™ = 2mx u™D

O = U™ 2% u™D + m(m+1) U™ = 0

T, (X)= [cos(mcos x)JJ

1 (m+2) 1 (m+1) 1 (m)
(l—xz)[ u} —2X|: u} +m(m +1)[ u} =0
2™"m! 2™"m! 2™"m!
(1= x%) Pp"(X) = 2X Py "(X) + m(m + 1) Pyy(x) = 0.
(i) y=sinin(1+x) = vy, =[cosIn(l+ x)]lL = (1+x)y, =cosIn(1+x)
+ X
1 1 5
XY,y = —S|nln(1+x)—:——y =A+x)°y,+@A+x)y,+y=0 ....(1)
1+x 1+x
(ii) Differentiate (1) w.rt. x n-times by Leibnitz’s theorem,

n(n-1)
2

|:(l+ X)Zyn+2 +n- 2(1+ X)yn+l + 2yn:| + [(1+ X)yn+l + nyn ] + yn = 0

(1+ X)zyn+2 + (2n +1)(1+ X)yn+l + (n2 +1)yn = O

Yo = e = y, = 2xe* = 2xy ()
Differentiate (1) w.rt. x n-times by Leibnitz’s theorem,
Yn+1 = 2XYn + N(2) Yn1 = Y= 2Xyn—2nYyn1 =0 +(2)
Let P(r): =2'n(n-1)..(n—=r+u,,, where u, 6 =e *'y,  for 0<r<n
For P(1), ddun ) di(exzyn )=ey,,—2xe ™y, =2ne "y, =2'nu,,, by ().

X X

P(1) s true.



k
Assume P(k) istrue forsome keN. i.e. dd—uk":an(n—l)...(n—k+1)unk ...(3)
X

For P(k+1),

d“'u_ d (d“u J d
n_ _~ "l=—2n(n-1)..(n-k+u,, ,by(@3).
dx dx(dxk dx (h=1).-¢ Mo YO

=2n(n-1)..(n—k +1)diexzynk =2n(n-1...(n—-k +1)[e’x2yn7k+l - 2xe’x2yn7k]
N

= 2n(n=1)..(n—k+ D™ (y, , +200-K)y, ) - 2%y, .|, by (2)

= 2%n(n=1)..(n - k+D2(n—K)e ™y, ]= 2 (N =1)...(n = K+ 1) (N = K)U, oo
P(k+1) is true.

By the Principle of Mathematical Induction, P(r) istrue ¥reN.

Whenn=r, (jj un” =2"n(n-1)..(n—n+1)u, =2"nle ¥y, =2"nle XX =2"nl
X
18. (a) Let P(n): dy _ @+ bz)geax sin(bx+ng), where oS =——— sin¢=L.
dx" a’ +b? va® +b?
For P(1), d—y=i(eax sin bx ) = e™ (asin bx + bcosbx)
dx dx

1 b 1
= (a? +b?)2e™ [sin bx——2 + cos bx—j = (a? + b?)2e™(sinbx cos ¢ + cosbx sin ¢)
va® +b’ va? +b’
1
= (a% + b?)2e™ sin(bx + ¢) o P(1) istrue.
k

k
Assume P(k) istrue forsome keN. i.e. d—)k/ = (a? + b?)2e™ sin(bx + k¢) (D)

k+1. k k
For P(k+1), 9y _ i(d_y] = i( 2 +b?)2e™sin(bx + ko) , by (1)
X dx* ) dx

=%+ b?)geax [asin(bx + kd) + bcos(bx + k)]

k1 a ) b
=(a®+b?)2 2> {—sm(bx + k¢p) + ——=cos(bx + k¢)}
( ) va® +b? va® +b?
k+1 k+1

= (2% +b?) 2 e™[cos dpsin(bx + ko) + sin pcos(bx + ko)] = (a% + b?) 2 e™ sin[bx + (k +1)¢]

P(k+1) is true. By the Principle of Mathematical Induction, P(n) istrue VvneN.
(b) Bookwork, omit here.
(c) y=e¥*sinbx . Using (b)and (a),
dny X (n) ax \(n-K) /. (k) . [nj n—k jax K i ( knj ax X [nj N—Kp K i ( kTC)
= e sinbx)"™ = a" " e™b sin| bx+—|=e a" " b“sin| bx + —
™ Z € (sinbx) Z ) > Z ) >

Comparing this result with part (a) and cancelling e, we have:

n ", (n k
(@% +b?)2e™sin(bx + ng) = Z [k]a”kbk sin(bx +?n)
k=0




