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 Differentiate (2)  n  times  by  Leibnitz’s theorem, 

  [ (1 + x2) y(n+2) + n (2x) y(n+1) + ( n(n – 1)/2) y(n) ] + [ x y(n+1) + ny(n) ] – p2 y(n) = 0 

 ∴ (1 + x2) y(n+2) + (2n + 1) x y(n+1) + (n2 – p2) y(n) = 0 
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 ∴ P(1)  is true. 
 Assume  P(k)  is true for some  k∈N.  i.e.   ….(1) ( ) ( ) θθ+−= +1kk)k( sin1kcos!k1y
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 ∴ P(k+1) is true. 

 By the Principle of Mathematical Induction,  P(n)  is true  ∀n∈N. 
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 Differentiate (1)  n  times  by  Leibnitz’s theorem, 

  [ (1 – x2) y(n+2) + n (–2x) y(n+1) + ( n(n – 1)/2) (–2)y(n) ] – [ x y(n+1) + ny(n) ] = 0 

 ∴ (1 – x2) yn+2  –x (2n+1) yn+1  – n2 yn = 0 

4. y = (x2 – 1)n  ⇒  y1 = n(x2 – 1)n-1 (2x) ⇒  (x2 – 1) y1 = 2n (x2 – 1)n = 2nxy 
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 ∴ (x2 – 1) y2 + (2x) y1 = 2nxy1 + 2ny ⇒ (x2 – 1) y2 + (2x)(1 – n) y1 – 2ny = 0 ….(1) 

 Differentiate (1)  n  times  by  Leibnitz’s theorem, 

 [ (x2 – 1) yn+2 + n(2x) yn+1 + n(n – 1)/2  (2) yn ] + [2x (1 – n) yn+1 + n 2(1 – n) yn ] – 2nyn = 0 

 ∴ (x2 – 1)yn+2 + 2xyn+1 – n(n + 1)yn = 0.         ….(2) 

 Now, for the given equation: (1 – x2)y2 + 2xy1 – n(n + 1)y = 0     ….(3) 

 Differentiate (3)  n  times  by  Leibnitz’s theorem, 

  [(1 – x2)yn+2 + n(-2x) yn+1 + n(n – 1)/2  (-2) yn ] n (2) yn ] + n(n + 1)yn = 0. 

 ∴ (1 – x2)yn+2 – 2x (n + 1) yn+1 = 0          ….(4) 
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    (1 – x2) P” – 2x (n + 1) P’ = 0        ….(5) 

 Hence  P  satisfies  (5)  and hence  (4)  and  (3). 

 

5.  (i) xsin)x1(y 12
12 −−=   

  ( ) ( ) ( ) ( 2122

2

21

2
x1xsinx1x

dx
dy

x1
x1

1
x1xsin

x12

x2
dx
dy

−+−−=−⇒
−

−+
−

−
= −− )  

  ( ) ( ) 2222 x1xy
dx
dy

)x1(x1xy
dx
dy

x1 −=+−⇒−+−=−⇒    ….(1) 

 (ii) Differentiate  (1)  w.r.t.  x  n times  by  Leibnitz’s theorem, 

  [ (1 – x2) yn+1 – n (–2x) yn + ( n(n – 1)/2) (–2)yn-1 ] – [ x yn + n(1) yn-1  ] = 0 
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 Differentiate  (1)  w.r.t.  x  n times  by  Leibnitz’s theorem, 
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8. y = (x – a)n(x – b)n   ⇒ ln y = n ln (x – a) + n ln (x – b) 
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 Differentiate  (1)  w.r.t.  x  n times  by  Leibnitz’s theorem, 

 [ (1 – x2) yn+2 – n (–2x) yn+1 + ( n(n – 1)/2) (–2)yn ] – [ x yn+1 + n(1) yn-1 ] + 4p2 yn = 0 
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 By the Principle of Mathematical Induction,  P(n)  is true  ∀n∈N. 
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 Compare imaginary part on both sides, result follows. 
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 ∴ (1 – x2) T m ′′(x) – x T m ′(x) + m2 Tm(x) = 0 

15. Let u = (x2 – 1)m, u’ = m(x2 – 1)m-1 (2x)  ∴ (x2 – 1)u’ = 2mxu  ….(1) 

 Differentiate  (1)  w.r.t.  x  (m+1)- times  by  Leibnitz’s theorem, 
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dx
du 2222

−−
−−

+
−− ==−== ,  by (2). 

 ∴ P(1)  is true. 
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 Assume  P(k)  is true for some  k∈N.  i.e. kn
k

k
n

k

u)1kn)...(1n(n2
dx

ud
−+−−=   ….(3) 

 For  P(k + 1), 

  kn
k

k
n

k

1k
n

1k

u)1kn)...(1n(n2
dx
d

dx
ud

dx
d

dx
ud

−+

+

+−−=⎟
⎠

⎞
⎜
⎝

⎛
=  , by (3). 

  [ ]kn
x

1kn
xk

kn
xk yxe2ye)1kn)...(1n(n2ye

dx
d

)1kn)...(1n(n2
222

−
−

+−
−

−
− −+−−=+−−=  

  , by (2) ( )[ ]kn
x

1knkn
xk yxe2y)kn(2ye)1kn)...(1n(n2

22

−
−

−−−
− −−++−−=

   [ ] )1k(n
1k

1kn
xk u)kn)(1kn)...(1n(n2ye)kn(2)1kn)...(1n(n2

2

+−
+

−−
− −+−−=−+−−=

  ∴ P(k+1) is true. 

  By the Principle of Mathematical Induction,  P(r)  is true  ∀r∈N. 

 When n = r , !n2ee!n2ye!n2u)1nn)...(1n(n2
dx

ud nxxn
0

xn
0

n
n
n

n
222

===+−−= −−  

18. (a) Let  P(n) : ( ) ( φ++= nbxsineba
dx

yd ax2
n

22
n

n

) ,  where  
2222 ba

b
sin,

ba

a
cos

+
=φ

+
=φ . 

  For  P(1),  ( ) )bxcosbbxsina(ebxsine
dx
d

dx
dy axax +==  

    ( ) ( ) ( )φ+φ+=⎟
⎠
⎞

⎜
⎝
⎛

+
+

+
+= sinbxcoscosbxsineba

ba

b
bxcos

ba

a
bxsineba ax2

1
22

2222

ax2
1

22  

    ( ) )bxsin(eba ax2
1

22 φ++=   ∴ P(1)  is true. 

  Assume  P(k)  is true for some  k∈N.  i.e. ( ) ( φ++= kbxsineba
dx

yd ax2
k

22
k

k

)   ….(1) 

  For  P(k+1), ( ) ( φ++=⎟
⎠

⎞
⎜
⎝

⎛
=

+

+

kbxsineba
dx
d

dx
yd

dx
d

dx
yd ax2

k
22

k

k

1k

1k

)  , by (1) 

   ( ) ( ) ( )[ ]φ++φ++= kbxcosbkbxsinaeba ax2
k

22  

   ( ) ( ) ( )⎥⎦
⎤

⎢⎣
⎡ φ+

+
+φ+

+
+=

+ kbxcos
ba

b
kbxsin

ba

a
eba

2222

ax2
1

2
k

22  

   ( ) ( ) ( )[ ] ( ) [ ]φ+++=φ+φ+φ+φ+=
++

)1k(bxsinebakbxcossinkbxsincoseba ax2
1k

22ax2
1k

22  

  ∴ P(k+1) is true.  By the Principle of Mathematical Induction,  P(n)  is true  ∀n∈N. 

 (b) Bookwork, omit here. 

 (c) y = eax sin bx  .   Using (b) and (a), 

  ( ) ( ) ⎟
⎠
⎞

⎜
⎝
⎛ π

+⎟
⎠
⎞

⎜
⎝
⎛=⎟

⎠
⎞

⎜
⎝
⎛ π

+⎟
⎠
⎞

⎜
⎝
⎛=⎟

⎠
⎞

⎜
⎝
⎛= −

=

−

=

−

=
∑∑∑ 2

k
bxsinba

k
n

e
2

k
bxsinbea

k
n

bxsine
k
n

dx
yd kkn

n

0k

axkaxkn
n

0k

)k()kn(ax
n

0k
n

n

 

  Comparing this result with part  (a)  and cancelling  eax, we have: 

( ) ( ) ⎟
⎠
⎞

⎜
⎝
⎛ π

+⎟
⎠
⎞

⎜
⎝
⎛=φ++ −

=
∑ 2

k
bxsinba

k
n

nbxsineba kkn
n

0k

ax2
n

22  
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